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Stochastic exclusion processes with extended hopping

Ding-wei Huang
Department of Physics, Chung Yuan Christian University, Chung-li, Taiwan

~Received 29 January 2001; revised manuscript received 2 May 2001; published 20 August 2001!

We study the effects of extended hopping in the stochastic asymmetric simple exclusion process~ASEP! of
one dimension. A modified ASEP with four parameters is proposed. The current and bulk density are calcu-
lated. Two different phases with a curved boundary are observed. The phase of maximum current is absent. We
also present the unusual density fluctuations near both boundaries. The characteristic of the stochastic dynam-
ics with extended hopping is pointed out.
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I. INTRODUCTION

Recently the asymmetric simple exclusion proces
~ASEP’s! in one dimension have been the subject of ext
sive studies@1#. The simple model serves as a prototype
nonequilibrium systems and has attracted a lot of interes
its many applications@2#. It is well known that one-
dimensional systems with short-range interactions do not
hibit phase transition in thermal equilibrium. However, wh
the systems are driven out of equilibrium, many interest
phenomena emerge. Steady current is established in sta
ary states. Shocks emerge spontaneously. Bulk properties
be changed by a small variation of the boundary conditio
Such boundary-induced phase transitions may occur i
wide class of driven systems, e.g., in biological mechanis
@3#, sociological interactions among agents, or traffic flow
highway @4#. The study of ASEP would lead to a better u
derstanding of such phenomena, which cannot be descr
in the framework of equilibrium statistical mechanics.

The basic model describes driven lattice gases in one
mension with hard-core repulsion, i.e., only the neare
neighbor hopping is considered. This kind of short-range
teraction provides an additional particle-hole symme
which dictates the collective behavior. For some mod
such symmetry leads to the exact results for stationary st
@5#. In Ref. @6#, the next-nearest-neighbor interaction is co
sidered. However, particles are still restricted to near
neighbor hopping, where the hopping rate is determined
the configuration of the next-nearest-neighbor site. It wo
be interesting to study the effects of extended hoppi
which violates the particle-hole symmetry. In Ref.@7#, the
extended hopping is discussed in the deterministic AS
Strong fluctuations of density over lattice sites are observ
Another essential extension of the basic model is to incl
the stochastic noise@8#. The fluctuations caused by suc
noise are inevitable and important in the nonequilibrium p
nomena. The effects of stochastic noise are most often
cussed within the framework of nearest-neighbor hoppi
The main aim of this paper is to study the combining effe
of stochastic noise and extended hopping in ASEP.

The paper is organized as follows. The model is descri
in Sec. II. In Sec. III we study the properties in bulk. Bo
the current and bulk density are calculated. In Sec. IV
analyze the density profiles. The distributions near
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boundaries are studied in detail. The results are summar
in Sec. V with some conclusions.

II. MODEL

Consider a one-dimensional lattice ofL sites with open
boundaries. Particles are introduced into the system at
left end~site 1!, move through the bulk, and leave the syste
at the right end~site L).

Within the bulk, particles move according to the dynam
prescribed by the Nagel-Schreckenberg traffic model@4#.
Each site is either empty or occupied by a particle with v
locity v, which is an integer ranging from 0 tovmax. The
parametervmax denotes the maximum velocity. Particles a
confined to move in one direction only. The configuratio
are updated synchronously according to the following s
cessive steps:~1! Acceleration—increasev by 1 if v
,vmax. ~2! Slowing down—decreasev to d if v.d, which
denotes the number of empty sites in front of the particle.~3!
Stochasticity—ifv.0, further decreasev to v21 with a
probability p. ~4! Movement—hopv sites forward.

The dynamics are controlled by two parameters:vmax and
p. In the case ofvmax51, the model reduces to the wel
known ASEP. Whenp50, particles hop one site to the righ
if the site in front of them is empty, which is known a
deterministic ASEP; whenp.0, particles may stay motion
less even if empty sites are available, which is then known
stochastic ASEP. Usually the ASEP is studied with a rand
sequential update. In this paper, we consider the parallel
date, which provides much stronger correlations among
ticles. A comparison of different update procedures can
found in Ref.@9#. The extended hopping is implemented wi
vmax.1, where particles are allowed to hop more than o
site within a single time step.

The boundary conditions are specified as follows. The t
ends of the system are taken as coupled to two stocha
reservoirs. Particles are injected at the left end with proba
ity a, provided the first site~site 1! is empty; particles are
removed at the right end with probabilityb, provided the last
site ~site L) is occupied. In this paper, we simply adopt th
constraints that the injected particle has the maximum ve
ity vmax and particles are not allowed to leave the syst
without stopping at the last site. It can be achieved by sitt
a stationary particle at siteL11. The model is characterize
by four parameters: two at the ends (a andb) and two in the
©2001 The American Physical Society08-1
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DING-WEI HUANG PHYSICAL REVIEW E 64 036108
bulk (vmax and p). The extended hopping is realized by
maximum velocity larger than 1. The other three parame
are stochastic probabilities at the boundaries and in the b

III. CURRENT AND BULK DENSITY

First, we study the currentJ and bulk densityr as func-
tions of boundary ratesa and b; vmax and p are fixed pa-
rameters. As the boundary ratesa andb change, three dif-
ferent phases can be observed: the high-density phase
low-density phase, and the maximum current phase.
maximum current phase can be reached only in the cas
p.0 andvmax51, where all three different phases can
observed; in other cases, only the high-density phase and
low-density phase are observed. In the case ofp50, the
phase transition is observed along the line of equal ratea
5b and independent ofvmax @7#. In the case ofp.0 and
vmax51, the transition between the high-density phase
the low-density phase is still along the same straight li
The domain of the high-density phase is equal to that of
low-density phase. A symmetry between two rates,a andb,
is observed. In contrast, in the case ofp.0 andvmax.1, the
domain of the high-density phase expands with the shrink
of the low-density domain. The resulting currentJ and bulk
density r are shown in Figs. 1 and 2, respectively. In t
high-density phase, the currentJ and the bulk densityr are
controlled by the removal rateb and independent of the
injection ratea. To the contrary, in the low-density phas
the distribution is controlled bya and independent ofb. The
phase transition line is no longer a straight line in the (a,b)
plane, see Fig. 3. Whena andb are small, the phase bound
ary approaches the line ofa5b. As the rates increase, th
boundary deviates from the straight linea5b and curves
toward theb axis. The convexity, i.e., the boundary ben
upward, and increases with the increase ofp. In the case of a

FIG. 1. CurrentJ as a function of ratesa andb. The parameters
arep50.3 andvmax52.
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largep, i.e.,p;1, the high-density phase becomes domina
The low-density phase can only be observed within a sm
region confined by a very smalla. The location of the phase
boundary is mainly determined by the parameterp as long as
vmax.1. In the special case ofp.0 andvmax51, the maxi-
mum current phase can be reached when both the rate
larger than a critical value of (12Ap). The phase boundarie

FIG. 2. Bulk densityr as a function of ratesa and b. The
parameters arep50.3 andvmax52.

FIG. 3. Phase diagram in the (a,b) plane. The parameters ar
p50.3 andvmax52. Data points are the phase boundary. The re
from the fundamental diagram is shown by the solid line. T
boundary in the case ofp50 is shown by the dotted line; the
boundaries in the case ofp50.3 andvmax51 are shown by the
dash lines.
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become straight lines again, see Fig. 3.
Across the phase transition line, the currentJ is continu-

ous while a discontinuity is developed in the bulk densityr.
As the phase transition is induced by the boundaries,
expects the same relationship between the currentJ and bulk
density r as in the case of periodic boundary condition
which is known as the fundamental diagramJ0(r). The re-
sults are shown in Fig. 4. It is clearly shown that all the da
for variousa andb, collapse into the fundamental diagra
and the maximum current has never been achieved.
maximum value of the achieved current is observed at
maximum removal rateb51. Its value is mainly determined
by the parameterp and can be well reproduced by a simp
expression (12p)/2.

In the high-density phase, particles are crowded toge
and the current is controlled by the removal rateb. A flat
density profile near the right end~site L) is expected. The
constraint on a constant current givesJ5J0(r)5rb. After
inverting the fundamental diagram in the high-density pa
the characteristic relationJ(b) between the current and th
removal rate can then be obtained, see Fig. 5. The maxim
value of the current can also be correctly reproduced at
intersection of the fundamental diagram and the line of
maximum removal rateJ5r, see Fig. 4. In the special cas
of p50, we haveJ0(r)512r. Both the current and bulk
density are independent ofvmax. Whenp.0, a small depen-
dence onvmax from J0(r) is expected. The simple mean
field approximation givesJ0(r);(12p)(12r). However,
failing to include thevmax dependence, the approximatio
provides a satisfactory description to the fundamental d
gram only in the very high-density limit. Thus the resultin
characteristic relationJ5b(12p)/(12p1b) is valid only

FIG. 4. CurrentJ as a function of bulk densityr. The param-
eters arevmax52 andp50.3. The open circles are the data fro
low-density phase; the closed circles are the data from high-den
phase. The fundamental diagramJ0(r) is shown by the solid line.
The dotted line showsJ5r.
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whenb is small. The dependence onvmax becomes obvious
whenb is large. The inclusion of the next order correctio
the order of (12r)2, will lead to a satisfactory result, se
Fig. 5.

Similarly, in the low-density phase, particles move wi
an average speed^v&.1 and the current is controlled by th
injection rate. The constraint on a constant current on the
end ~site 1! givesJ5J0(r)5(12r1)a, wherer1 is the av-
erage density on the first site. With^v&.1, the bulk density
assumes a smaller value thanr1 and can be expressed asr
5r1 /^v&. The characteristic relationJ(a) is then given by
J5a/(11a). It is interesting to note that the current is in
dependent ofvmax and can be readily reproduced by th
simple mean-field approximationJ0(r)5(vmax2p)r.

There are two characteristic relations:J(b) in the high-
density phase andJ(a) in the low-density phase. In the cas
of p50, these two characteristic relations coincide. The c
rent increases with the increase of the boundary rate. In
low-density phase, particles move independently. Introd
ing the stochastic noise does not provide any difference;
cept reducing the average speed fromvmax to vmax2p. The
same current can still be achieved at the same injection r
As the average speed decreases a bit, the resulting bulk
sity increases a bit accordingly. In the high-density pha
particles are strongly correlated. The stochastic noise h
much more significant influence. At the same removal rateb,
the current decreases with the increase of noise. The cu
still increases monotonically with the increase ofp, but at a
much slower rate. Asp increases, the curveJ(b) bends to

ity

FIG. 5. The characteristic currentJ as a function of boundary
rate a or b. The parameters arep50.3 andvmax52. The open
circles showJ(a) in the low-density phase; the closed circles sho
J(b) in the high-density phase. The results from the fundame
diagram are shown by the solid lines. The result from the sim
mean-field approximation in the high-density phase is shown by
dotted line; the dash line shows the result including the next or
correction.
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DING-WEI HUANG PHYSICAL REVIEW E 64 036108
lower values; while the curveJ(a) remains the same. Th
matching condition of equal currentJ(a)5J(b) prescribes a
curved phase boundary as shown in Fig. 3.

It is interesting to further note that an increment on t
maximum velocity will not lead to a larger value of curren
as naively expected. The distributions of the high-dens
phase are mainly determined by the stochastic noisep. Only
a weak dependence onvmax is observed. In the low-densit
phase, the current is independent of bothp and vmax. The
value of the bulk density decreases with the increase
vmax. Thus the discontinuity at the transition increases w
the increase ofvmax.

IV. DENSITY PROFILE

Next, we consider the density profiles. As the curren
controlled by one of the boundary rates, the density profil
expected to be flat except near the other boundary. In
high-density phase, a flat profile except near the left en
expected; in the low-density phase, a flat profile except n
the right end is expected. Such expectation is realized in
case ofvmax51, for both p50 and p.0. A flat density
profile in the bulk and through one of the boundaries is
served; near the other boundary, the density profile chan
monotonically from the bulk density to the value at t
boundary. In the case ofvmax.1 andp50, the average den
sities divide into two branches according to their locatio
Unusual density fluctuation between these two branche
observed. In the high-density phase, the fluctuation is lim
to a boundary layer near the left end. A flat profile is s
observed in the bulk and through the right end. In the lo
density phase, the fluctuation can be observed all through
bulk, except near the right end. The flat profile is replaced
strong fluctuation between two flat branches. With stocha
noise, i.e.,vmax.1 andp.0, the fluctuation diminishes. A
flat density profile is restored in the bulk, while interesti
fluctuation is developed near both boundaries.

In the low-density phase, the removal of a particle
much more effective than its insertion. The current is de
mined by the injection ratea and a flat density profile is
expected in the bulk and through the left end. However
the case ofvmax.1 andp.0, an interesting fluctuation is
observed near the left end, see Fig. 6. Asa increases, the
bulk density increases accordingly; while the pattern of fl
tuation remains the same. A rescale of the density will lea
the same profile for different values ofa, which can be well
reproduced by the following phenomenological consid
ations. The average density on the first site is determined
r1512J/a. As the particle is injected with a speed
vmax52, we haver25pr1, i.e., only the effect of stochasti
noise will let a particle stop at the second site. In the lo
density phase, a particle keeps its speed atvmax52 and hops
to the neighbor site with a probabilityp or to the next neigh-
bor site with a probability (12p). Thus we haver i
5pr i 211(12p)r i 22 for i>3. The results are shown i
Fig. 6. After a few oscillations, the densities approach
asymptotic valuer. The pattern of oscillations is controlle
by the stochastic noisep. The ratior1 /r is a constant deter
mined byp and independent ofa, which results in the scal
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ing behavior for variousa. A simple expression is obtaine
asr1 /r5^v&5vmax2p. With a large noise,p;1, the ratio
r1 /r approaches a value of 1. The fluctuation is smeared
by the stochastic noise. The densities reach the asymp
value quickly and only a few oscillations can be observ
With a small noise,p;0, many oscillations can be observe
before the densities reach the bulk value. The ratior1 /r
approaches a value of 2. In the limiting case ofp50, the
oscillations continue all through the bulk. As the densit
alternate by sites, a coarse-grained average is assigned t
bulk density at a value ofr1/2.

Near the left end and in the bulk, the densities are de
mined bya and independent ofb; the influence ofb can
only be observed near the right end. The density on the
site is given byrL5J/b, which is always larger than the
corresponding bulk density. Thus the densities are expe
to increase monotonically as one approaches the right
With a largerb, a slower increase is predicted. However, t
densities increase smoothly only up to the siteL21. On the
last site~site L), a sudden drop of density is observed, s
Fig. 7. Just like the oscillations near the left end, the abr
drop of density on the last site is also a characteristic
stochastic noise. Such interesting behavior has a cle
manifestation in the high-density phase.

In the high-density phase, particles are inserted m
more efficiently than they are removed. Thus the curren
determined by the removal rateb. Whenb is small, a flat
profile is observed through the right end as expected. Ab
increases, the flat profile in the bulk assumes a lower valu
the removal rate becomes more efficient. It is interesting
observe that the average density on the last siterL assumes
an even lower value than the bulk densityr. A sudden drop
of density on siteL is observed. The difference betweenr

FIG. 6. Density profiler i as a function of sitei near the left end
for variousa. Parametersvmax52, p50.5, andL52000; the low-
density phase is assumed. The results are independent ofb. Solid
lines show the predictions from phenomenological consideratio
8-4
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STOCHASTIC EXCLUSION PROCESSES WITH . . . PHYSICAL REVIEW E64 036108
and rL increases with the increase ofb. As b further in-
creases, particles begin to accumulate near the right end.
densities have a quick rise just before the boundary, follow
by an abrupt drop on the boundary, see Fig. 8. This pecu
behavior can be attributed to the combined effect of exten
hopping and stochastic noise. Whenvmax51 or p50, we
haverL5r in the high-density phase. The pattern of dens
fluctuation is mainly controlled by the parameterp. Only
weak dependence onvmax is observed, as long asvmax.1.
As p increases, the pattern of oscillations becomes m

FIG. 7. Density profiler i as a function of sitei near the right
end for variousb. Parametersa50.3, vmax52, p50.5, andL
52000; the low-density phase is assumed.

FIG. 8. Density profiler i as a function of sitei near the right
end for variousb. Parametersvmax52, p50.5, andL52000; the
high-density phase is assumed. The results are independent oa.
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clear, see Fig. 9. Basically, it’s the counterpart of the os
lations observed in the low-density phase, see Fig. 6. B
can be taken as the characteristic manifested only in the
of vmax.1 andp.0.

As expected, the influence ofa can be observed in the
density distribution near the left end. The average density
the first site is given byr1512J/a. Whena is small,r1 is
less thanr; when a is large,r1 is larger thanr. This pro-
vides a criterion to divide the high-density phase into tw
subphases. The same feature also appears in the ca
vmax51 andp.0. It is interesting to note that in the case
p50, for bothvmax51 andvmax.1, r1 is always smaller
thanr, and only one of the subphases can be reached. In
case ofvmax51 and p.0, the average densities chang
monotonically as one approaches the left end. However
the case ofvmax.1 andp.0, the pattern of oscillations is
again observed near the boundary, see Fig. 10. In the extr
cases of very smalla or very largea, the oscillations disap-
pear and the profiles become monotonic functions, as in
case ofvmax51 andp.0. The effect of extended hopping i
observed in an unusual fluctuation of densities near the
end. The average densities fluctuate within a boundary la
before they converge into a smooth profile. As the stocha
noise decreases, the convergence becomes slower and
oscillations can be observed. In the limit ofp50, the very
slow convergence can be reinterpreted as fluctuations
tween two branches.

V. CONCLUSION

In this paper, we study the effects of extended hopp
and stochastic noise in asymmetric simple exclusion proc
Parametervmax.1 provides the possibility for a particle t
move more than one site within a single time step. Param

FIG. 9. Density profiler i as a function of sitei near the right
end. Parametersa50.5, b50.9, vmax52, p50.8, andL52000;
the high-density phase is assumed. The solid line shows the o
lations.
8-5
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DING-WEI HUANG PHYSICAL REVIEW E 64 036108
p.0 introduces the possibility for a particle to stay motio
less when no other particles obstructed the way. In cont
to the deterministic ASEP, both the boundary conditions a
the dynamics are stochastic, which are controlled, resp
tively, by three different parametersa, b, andp.

We observe two distinct phases: the low-density ph
and the high-density phase. The phase of maximum cur
is absent. Even with a high injection rate, a high remo
rate, and assigning the injected particle with a high spe
the maximum current has never been achieved. The
phases resulted from the competing of two rates on
boundaries. The less efficient boundary determined the
rent and bulk density. In the high-density phase, the prop
ties in bulk are controlled by the removal rate; in the lo
density phase, the injection rate controls the results.
observed properties can be understood from the fundame
diagram with simple phenomenological considerations. T
location of the phase boundary can also be deduced. Var
features are mainly determined by the parameterp; the pa-
rametervmax only has a minor influence as long asvmax
.1. However, the features observed in the case ofvmax.1
are distinctly different from those ofvmax51. With nearest-
neighbor hopping, an additional symmetry between a part
and an empty site is observed. With extended hopping,
symmetry is no longer applied.

The density profile has a flat distribution except near b

FIG. 10. Density profiler i as a function of sitei near the left
end for variousa. Parametersb50.5, vmax52, p50.5, andL
52000; the high-density phase is assumed.
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boundaries. Interesting oscillations of densities near b
boundaries are observed, which provide a characteristi
the combination of extended hopping and stochastic no
i.e., vmax.1 andp.0. Whenvmax51 or p50, the density
profile has a flat distribution through one of the boundari
i.e., the one with less efficiency. Figure 11 shows the aver
density on the less efficient boundary. Whenvmax51 or p
50, we haver15r in the low-density phase andrL5r in
the high-density phase. Deviation from such behavior is
served and becomes a characteristic to the stochastic dy
ics with extended hopping. In the low-density phase, the
tio r1 /r is a constant larger than 1. In the high-dens
phase, the ratiorL /r is less than 1 and varies with the de
sity. The ratio approaches 1 only when the density is hi
This behavior provides an interesting example to
boundary-induced phase transitions. In such cases, the p
erties of phase transition are controlled by the specificati
of boundary conditions. With the same dynamics, a differ
choice of boundary conditions will lead to a different pha
diagram@8#. It would be interesting to further study the re
lation between the resulting phase diagram and the cho
boundary condition.

FIG. 11. Densities on the boundariesr1 andrL as functions of
the bulk densityr. Parametersvmax52, p50.5, andL52000. The
open circles are the data from the low-density phase; the clo
circles are the data from the high-density phase. The solid
showsr15r or rL5r; the dashed line showsr1 /r5vmax2p in
the low-density phase.
hys.
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