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Stochastic exclusion processes with extended hopping
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We study the effects of extended hopping in the stochastic asymmetric simple exclusion pASEBsof
one dimension. A modified ASEP with four parameters is proposed. The current and bulk density are calcu-
lated. Two different phases with a curved boundary are observed. The phase of maximum current is absent. We
also present the unusual density fluctuations near both boundaries. The characteristic of the stochastic dynam-
ics with extended hopping is pointed out.
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[. INTRODUCTION boundaries are studied in detail. The results are summarized
in Sec. V with some conclusions.
Recently the asymmetric simple exclusion processes
(ASEP’S in one dimension have been the subject of exten- Il. MODEL
sive studieg1]. The simple model serves as a prototype for

nonequilibrium systems and has attracted a lot of interest for Consider a one-dimensional lattice bfsites with open
its many applications[2]. It is well known that one- boundaries. Particles are introduced into the system at the

dimensional systems with short-range interactions do not ex€ft end(site 1, move through the bulk, and leave the system

hibit phase transition in thermal equilibrium. However, when@t the right endsiteL). , ,
the systems are driven out of equilibrium, many interestin W'th'n the bulk, particles move according to t_he dynamics
phenomena emerge. Steady current is established in statigﬁr-escr'ped. by_ the Nagel-Schrecanberg trafﬁq mc{d_@l
. ach site is either empty or occupied by a particle with ve-

ary states. Shocks emerge spontaneously. Bulk properties C%ncity v, which is an integer ranging from 0 g, .. The
be changed by a small variation of the boundary conditions, ’ ax:
SPCh boundary_—mduced phase tra_n5|t_|ons may ocCur IN &ynfined to move in one direction only. The configurations
wide class of driven systems, e.g., in biological mechanismg o \hqated synchronously according to the following suc-
[3_], sociological interactions among agents, or traffic flow Ofcessive stepsi(1) Acceleration—increasey by 1 if v
h|ghway[4]. The study of ASEP woulld lead to a better un- —, . (2) Slowing down—decrease to d if v>d, which
derstanding of such phenomena, which cannot be describgbnotes the number of empty sites in front of the partide.
in the framework of equilibrium statistical mechanics. Stochasticity—ifv >0, further decrease to v—1 with a

The basic model describes driven lattice gases in one diyropability p. (4) Movement—hopy sites forward.
mension with hard-core repulsion, i.e., only the nearest- The dynamics are controlled by two parameters;, and
neighbor hopping is considered. This kind of short-range inp. In the case ob,,,,=1, the model reduces to the well-
teraction provides an additional particle-hole symmetryknown ASEP. Whemp=0, particles hop one site to the right
which dictates the collective behavior. For some modelsif the site in front of them is empty, which is known as
such symmetry leads to the exact results for stationary statefeterministic ASEP; whep>0, particles may stay motion-
[5]. In Ref.[6], the next-nearest-neighbor interaction is con-less even if empty sites are available, which is then known as
sidered. However, particles are still restricted to neareststochastic ASEP. Usually the ASEP is studied with a random
neighbor hopping, where the hopping rate is determined bgequential update. In this paper, we consider the parallel up-
the configuration of the next-nearest-neighbor site. It woulddate, which provides much stronger correlations among par-
be interesting to study the effects of extended hoppingticles. A comparison of different update procedures can be
which violates the particle-hole symmetry. In RET], the  found in Ref[9]. The extended hopping is implemented with
extended hopping is discussed in the deterministic ASER:max>1, Where particles are allowed to hop more than one
Strong fluctuations of density over lattice sites are observedsite within a single time step.
Another essential extension of the basic model is to include The boundary conditions are specified as follows. The two
the stochastic nois8]. The fluctuations caused by such ends of the system are taken as coupled to two stochastic
noise are inevitable and important in the nonequilibrium phefeservoirs. Particles are injected at the left end with probabil-
nomena. The effects of stochastic noise are most often disty «, provided the first sitésite 1) is empty; particles are
cussed within the framework of nearest-neighbor hoppingremoved at the right end with probabilig; provided the last
The main aim of this paper is to study the combining effectssite (site L) is occupied. In this paper, we simply adopt the
of stochastic noise and extended hopping in ASEP. constraints that the injected particle has the maximum veloc-

The paper is organized as follows. The model is describeity v,ax @and particles are not allowed to leave the system
in Sec. Il. In Sec. Il we study the properties in bulk. Both without stopping at the last site. It can be achieved by sitting
the current and bulk density are calculated. In Sec. IV wea stationary particle at site+ 1. The model is characterized
analyze the density profiles. The distributions near theby four parameters: two at the ends &énd3) and two in the

arameten ., denotes the maximum velocity. Particles are
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FIG. 1. Current] as a function of ratea and 3. The parameters FIG. 2. Bulk densityp as a function of ratesr and 8. The
arep=0.3 andv na=2. parameters arp=0.3 andv ,,,= 2.

bulk (vmax @and p). The extended hopping is realized by a|argep, i.e.,p~1, the high-density phase becomes dominant.
maximum velocity larger than 1. The other three parameterghe |ow-density phase can only be observed within a small
are stochastic probabilities at the boundaries and in the bU"fegion confined by a very small. The location of the phase
boundary is mainly determined by the parametes long as
Ill. CURRENT AND BULK DENSITY Umax> 1. In the special case @>0 andv =1, the maxi-
mum current phase can be reached when both the rates are

First, we study the currerit and bulk density as func- larger than a critical value of (2 \/p). The phase boundaries

tions of boundary rates and B; v,,.x and p are fixed pa-
rameters. As the boundary ratasand 8 change, three dif-
ferent phases can be observed: the high-density phase, tt
low-density phase, and the maximum current phase. The
maximum current phase can be reached only in the case c

p>0 andv =1, where all three different phases can be 0.8
observed; in other cases, only the high-density phase and th
low-density phase are observed. In the casgsf0, the

phase transition is observed along the line of equal rates 0.6
=B and independent of ., [7]. In the case op>0 and
vUmax= 1, the transition between the high-density phase ancdf
the low-density phase is still along the same straight line.
The domain of the high-density phase is equal to that of the
low-density phase. A symmetry between two ratesnd 3,

is observed. In contrast, in the casegof 0 andv > 1, the
domain of the high-density phase expands with the shrinkage 0.2
of the low-density domain. The resulting curreh&ind bulk
density p are shown in Figs. 1 and 2, respectively. In the
high-density phase, the curreh@and the bulk density are
controlled by the removal rat@ and independent of the 0 0.2 0.4 0.6 0.8 1
injection ratea. To the contrary, in the low-density phase,

the distribution is controlled by and independent g#. The a

phase transi'Fion line is no longer a straight line in theg) FIG. 3. Phase diagram in ther(8) plane. The parameters are
plane, see Fig. 3. Whem and g are small, the phase bound- ,—¢ 3 andy,,,~ 2. Data points are the phase boundary. The result
ary approaches the line ef= 3. As the rates increase, the from the fundamental diagram is shown by the solid line. The
boundary deviates from the straight lime= 8 and curves poundary in the case gh=0 is shown by the dotted line; the
toward theB axis. The convexity, i.e., the boundary bendshoundaries in the case @=0.3 andv,,=1 are shown by the
upward, and increases with the increas@.dh the case of a dash lines.

high density phase
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FIG. 4. Current) as a function of bulk density. The param- FIG. 5. The characteristic curredtas a function of boundary

eters are_;max=2 andp=0.3. The open circles are the d_ata from_ rate « or B. The parameters arp=0.3 andv,,,=2. The open
low-density phase; the closed circles are the data from high-densityircles showd(a) in the low-density phase; the closed circles show
phase. The fundamental diagralg(p) is shown by the solid line.  3(B) in the high-density phase. The results from the fundamental

The dotted line shows=p. diagram are shown by the solid lines. The result from the simple
) . . . mean-field approximation in the high-density phase is shown by the
become straight lines again, see Fig. 3. dotted line; the dash line shows the result including the next order

Across the phase transition line, the currdn$ continu-  correction.
ous while a discontinuity is developed in the bulk dengity
As the phase transition is induced by the boundaries, onehen g is small. The dependence on,,, becomes obvious
expects the same relationship between the cudend bulk  when g is large. The inclusion of the next order correction,
density p as in the case of periodic boundary conditions,the order of (1 p)?, will lead to a satisfactory result, see
which is known as the fundamental diagrdig(p). The re-  Fig. 5.
sults are shown in Fig. 4. It is clearly shown that all the data, Similarly, in the low-density phase, particles move with
for variousa and 8, collapse into the fundamental diagram an average spe€d@)>1 and the current is controlled by the
and the maximum current has never been achieved. Thigjection rate. The constraint on a constant current on the left
maximum value of the achieved current is observed at thend(site 1) givesJ=Jy(p)=(1—p4) @, Wherep, is the av-
maximum removal rat@=1. Its value is mainly determined erage density on the first site. Wi{n)>1, the bulk density
by the parametep and can be well reproduced by a simple assumes a smaller value thapand can be expressed ps
expression (+ p)/2. =p./{v). The characteristic relatiod(«) is then given by

In the high-density phase, particles are crowded togethel=«/(1+ ). It is interesting to note that the current is in-
and the current is controlled by the removal rgteA flat  dependent ofv 5, and can be readily reproduced by the
density profile near the right engite L) is expected. The simple mean-field approximatiody(p) = (v max— P) p-
constraint on a constant current givés Jo(p) = pB. After There are two characteristic relatior¥;3) in the high-
inverting the fundamental diagram in the high-density partdensity phase and(«) in the low-density phase. In the case
the characteristic relatiod(3) between the current and the of p=0, these two characteristic relations coincide. The cur-
removal rate can then be obtained, see Fig. 5. The maximument increases with the increase of the boundary rate. In the
value of the current can also be correctly reproduced at thibw-density phase, particles move independently. Introduc-
intersection of the fundamental diagram and the line of théng the stochastic noise does not provide any difference; ex-
maximum removal ratd=p, see Fig. 4. In the special case cept reducing the average speed fropy, t0 v nax— P. The
of p=0, we havely(p)=1—p. Both the current and bulk same current can still be achieved at the same injection rate.
density are independent of,,,. Whenp>0, a small depen- As the average speed decreases a bit, the resulting bulk den-
dence onv,ax from Jo(p) is expected. The simple mean- sity increases a bit accordingly. In the high-density phase,
field approximation givesy(p)~(1—p)(1—p). However, particles are strongly correlated. The stochastic noise has a
failing to include thev,,,x dependence, the approximation much more significant influence. At the same removal fate
provides a satisfactory description to the fundamental diathe current decreases with the increase of noise. The current
gram only in the very high-density limit. Thus the resulting still increases monotonically with the increaseppfout at a
characteristic relatiod=B8(1—p)/(1—p+B) is valid only  much slower rate. A increases, the curvé(B) bends to
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lower values; while the curvé(«) remains the same. The 0.3 T T | T
matching condition of equal curredf«)=J(B) prescribes a
curved phase boundary as shown in Fig. 3.

It is interesting to further note that an increment on the X a
maximum velocity will not lead to a larger value of current,
as naively expected. The distributions of the high-density
phase are mainly determined by the stochastic nmigenly
a weak dependence an, .y is observed. In the low-density
phase, the current is independent of bptAnd v,,x. The
value of the bulk density decreases with the increase 01§
Umax- Thus the discontinuity at the transition increases with X0, Xt XXX IXHORKHIIK KR53
the increase 0b ay. 0.1 .

IV. DENSITY PROFILE \/\M

Next, we consider the density profiles. As the current is
controlled by one of the boundary rates, the density profile is
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expected to be flat except near the other boundary. In the 0 10 20 30 40 50
high-density phase, a flat profile except near the left end is
expected; in the low-density phase, a flat profile except neal Lattice Site

g;igg:ftvi:ijzlsl?);g?céﬁgﬁ si%h Zzgepciagéglil arltea:;gﬁgt;n thfe FIG_. 6. Density profilep; as_ a funEtion of site _near th_e left end
o, o or variousa. Parameters,,,,=2, p= 0.5, andL =2000; the low-
profile _m the bulk and through one of the bounda.”es IS c)b'density phase is assumed. The results are independght ®blid
served; r)ear the other boundary, the density profile changqﬁes show the predictions from phenomenological considerations.
monotonically from the bulk density to the value at the
boundary. In the case of,,,,>1 andp=0, the average den-
sities divide into two branches according to their locationsing behavior for variousy. A simple expression is obtained
Unusual density fluctuation between these two branches 8Sp1/p=(v)=vmax—Pp. With a large noisep~1, the ratio
observed. In the high-density phase, the fluctuation is limitegh, / p approaches a value of 1. The fluctuation is smeared out
to a boundary layer near the left end. A flat profile is still by the stochastic noise. The densities reach the asymptotic
observed in the bulk and through the right end. In the low-value quickly and only a few oscillations can be observed.
density phase, the fluctuation can be observed all through thé&/ith a small noisep~ 0, many oscillations can be observed
bulk, except near the right end. The flat profile is replaced bypefore the densities reach the bulk value. The ratjdp
strong fluctuation between two flat branches. With stochastiapproaches a value of 2. In the limiting casepsf 0, the
noise, i.e.u max>1 andp>0, the fluctuation diminishes. A oscillations continue all through the bulk. As the densities
flat density profile is restored in the bulk, while interesting alternate by sites, a coarse-grained average is assigned to the
fluctuation is developed near both boundaries. bulk density at a value gb,/2.

In the low-density phase, the removal of a particle is Near the left end and in the bulk, the densities are deter-
much more effective than its insertion. The current is determined by @ and independent o8; the influence of8 can
mined by the injection ratex and a flat density profile is only be observed near the right end. The density on the last
expected in the bulk and through the left end. However, irsite is given byp, =J/8, which is always larger than the
the case ob,,>1 andp>0, an interesting fluctuation is corresponding bulk density. Thus the densities are expected
observed near the left end, see Fig. 6. Asncreases, the to increase monotonically as one approaches the right end.
bulk density increases accordingly; while the pattern of fluc-With a largers, a slower increase is predicted. However, the
tuation remains the same. A rescale of the density will lead taensities increase smoothly only up to the &itel. On the
the same profile for different values af which can be well last site(site L), a sudden drop of density is observed, see
reproduced by the following phenomenological considerFig. 7. Just like the oscillations near the left end, the abrupt
ations. The average density on the first site is determined bgirop of density on the last site is also a characteristic of
p1=1—J/a. As the particle is injected with a speed of stochastic noise. Such interesting behavior has a clearer
Umax=2, We havep,=pp,, i.e., only the effect of stochastic manifestation in the high-density phase.
noise will let a particle stop at the second site. In the low- In the high-density phase, particles are inserted much
density phase, a particle keeps its speeal,at=2 and hops more efficiently than they are removed. Thus the current is
to the neighbor site with a probabilityor to the next neigh- determined by the removal rafg When g3 is small, a flat
bor site with a probability (+p). Thus we havep; profile is observed through the right end as expectedBAs
=ppi_1t(1—p)p;_, for i=3. The results are shown in increases, the flat profile in the bulk assumes a lower value as
Fig. 6. After a few oscillations, the densities approach thehe removal rate becomes more efficient. It is interesting to
asymptotic valugp. The pattern of oscillations is controlled observe that the average density on the lastgitassumes
by the stochastic noige The ratiop,/p is a constant deter- an even lower value than the bulk densityA sudden drop
mined byp and independent af, which results in the scal- of density on sitel is observed. The difference betwepgn
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FIG. 7. Density profilep; as a function of site near the right
end for variousB. Parametersx=0.3, v,,=2, p=0.5, andL
=2000; the low-density phase is assumed.

and p, increases with the increase @f As g further in-

Lattice Site

FIG. 9. Density profilep; as a function of sité near the right

end. Parametera=0.5, 8=0.9, v =2, p=0.8, andL =2000;
the high-density phase is assumed. The solid line shows the oscil-

lations.

creases, particles begin to accumulate near the right end. Ti§ear, see Fig. 9. Basically, it's the counterpart of the oscil-

densities have a quick rise just before the boundary, followedgtions observed in the low-density phase, see Fig. 6. Both
by an abrupt drop on the boundary, see Fig. 8. This peculig#an be taken as the characteristic manifested only in the case
behavior can be attributed to the combined effect of extende@f vmax>1 andp>0.

hopping and stochastic noise. Whep,=1 or p=0, we As expected, the influence aef can be observed in the
havep, = p in the high-density phase. The pattern of densitydensity distribution near the left end. The average density on

fluctuation is mainly controlled by the parametger Only
weak dependence an, .y is observed, as long ag,,,>1.

the first site is given by, =1—J/a. Whena is small,p, is
less thanp; when « is large,p4 is larger thanp. This pro-

As p increases, the pattern of oscillations becomes mordides a criterion to divide the high-density phase into two
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FIG. 8. Density profilep; as a function of sité near the right
end for variousB. Parameters ,,,=2, p=0.5, andL =2000; the
high-density phase is assumed. The results are independent of

subphases. The same feature also appears in the case of
Umax=1 andp>0. It is interesting to note that in the case of
p=0, for bothv =1 andv a1, pq is always smaller
thanp, and only one of the subphases can be reached. In the
case ofv,., =1 and p>0, the average densities change
monotonically as one approaches the left end. However, in
the case ob,,,>>1 andp>0, the pattern of oscillations is
again observed near the boundary, see Fig. 10. In the extreme
cases of very smalk or very largea, the oscillations disap-
pear and the profiles become monotonic functions, as in the
case ofv =1 andp>0. The effect of extended hopping is
observed in an unusual fluctuation of densities near the left
end. The average densities fluctuate within a boundary layer
before they converge into a smooth profile. As the stochastic
noise decreases, the convergence becomes slower and more
oscillations can be observed. In the limit pt=0, the very

slow convergence can be reinterpreted as fluctuations be-
tween two branches.

V. CONCLUSION

In this paper, we study the effects of extended hopping
and stochastic noise in asymmetric simple exclusion process.
Parametew ,,,>1 provides the possibility for a particle to
move more than one site within a single time step. Parameter
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FIG. 10. Density profilep; as a function of sité near the left
end for variousa. Parameterg8=0.5, v, =2, p=0.5, andL
=2000; the high-density phase is assumed.

FIG. 11. Densities on the boundarigeg andp, as functions of
the bulk densityp. Parameters,,,=2, p=0.5, andL=2000. The
open circles are the data from the low-density phase; the closed
circles are the data from the high-density phase. The solid line
howsp,=p or p_=p; the dashed line shows,/p=vmax—P in
?ue low-density phase.

p>0 introduces the possibility for a particle to stay motion-
less when no other particles obstructed the way. In contra
to the deterministic ASEP, both the boundary conditions an
the dynamics are stochastic, which are controlled, respec-
tively, by three different parametets 8, andp. boundaries. Interesting oscillations of densities near both
We observe two distinct phases: the low-density phas®oundaries are observed, which provide a characteristic to
and the high-density phase. The phase of maximum currerihe combination of extended hopping and stochastic noise,
is absent. Even with a high injection rate, a high removali.e.,vy,>1 andp>0. Whenv,,,=1 or p=0, the density
rate, and assigning the injected particle with a high speedyrofile has a flat distribution through one of the boundaries,
the maximum current has never been achieved. The twoe., the one with less efficiency. Figure 11 shows the average
phases resulted from the competing of two rates on théensity on the less efficient boundary. Whep,,=1 or p
boundaries. The less efficient boundary determined the cur=0, we havep;=p in the low-density phase ang =p in
rent and bulk density. In the high-density phase, the properthe high-density phase. Deviation from such behavior is ob-
ties in bulk are controlled by the removal rate; in the low- served and becomes a characteristic to the stochastic dynam-
density phase, the injection rate controls the results. Th&s with extended hopping. In the low-density phase, the ra-
observed properties can be understood from the fundamenttd p,/p is a constant larger than 1. In the high-density
diagram with simple phenomenological considerations. Theghase, the ratip, /p is less than 1 and varies with the den-
location of the phase boundary can also be deduced. Variowsty. The ratio approaches 1 only when the density is high.
features are mainly determined by the parametahe pa- This behavior provides an interesting example to the
rameterv . Only has a minor influence as long ag,,x  boundary-induced phase transitions. In such cases, the prop-
>1. However, the features observed in the casepf,>1  erties of phase transition are controlled by the specifications
are distinctly different from those af,,,,=1. With nearest- of boundary conditions. With the same dynamics, a different
neighbor hopping, an additional symmetry between a particlehoice of boundary conditions will lead to a different phase
and an empty site is observed. With extended hopping, thidiagram[8]. It would be interesting to further study the re-
symmetry is no longer applied. lation between the resulting phase diagram and the chosen
The density profile has a flat distribution except near bottboundary condition.
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